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1 Introduction 



t— i j Abstract 

■ We prove that for generic three-dimensional vector fields, domination implies 
singular hyperbolicity. 

o 

One goal of differential dynamical systems is to understand the global dynamics of most 
.dynamical systems. The dynamics of hyperbolic vector fields are well understood. There 
Q is no good description of robustly non-hyperbolic dynamics. A sequence of conjectures of 
en Talis [301 EB E2] gives us a beautiful perspective. There are already many results in this 
^ direction, mainly for diffeomorphisms. If one considers smooth vector fields, [32] has the 
£h following conjectures: 

^ Conjecture 1. Every robustly non-hyperbolic vector field can be C r approximated by a 

■ vector field with a homoclinic tangency or a heterodimensional cycle or a singular cycle. 

o 
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Conjecture 2. Every robustly non-hyperbolic three-dimensional vector field can be C r 
approximated by a vector field with a singular cycle or a Lorenz-like attractor or a Lorenz- 
like repeller. 



The difficulty for vector field is the fact that hyperbolic singularities can be accumu- 
lated by recurrent regular points. Usually in this case, one can get a homoclinic orbit of 
'the singularity by perturbation (using C 1 connecting lemmas). Then one can see a dif- 
^ derent phenomena compared with homoclinic orbits of periodic orbits: a homoclinic orbit 
^ .of a singularity cannot be transverse, thus it cannot be robust under perturbation. The 
'famous Lorenz attractor [23] gives us a very strange phenomenon: it's a robustly non- 
hyperbolic chaotic attractor. To understand the hyperbolic properties of Lorenz-like at- 
tractor, |28[ 129] gave the definition of singular hyperbolic. Moreover, for three-dimensional 
flows, [281 E3 E9] proved: 

• Every robustly transitive set is a singular hyperbolic attractor or repeller. 

• If X cannot be accumulated by infinitely many sinks or sources, then X is singular 
Axiom A. 
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1 



In the spirit of results for diffeomorphisms (see [33j 1131 HH US]) an d vector fields, 
one can have several conjectures. To be more precise, we give some definitions. Let M 
be a compact C°° Riemannian manifold without boundary. Let X r {M) be the Banach 
space of the C r vector fields on M with the usual C r norm. For X G X X (M), <fif is the 
flow generated by X . $^ = difif is the tangent flow of X. If there is no confusion, we 
will use (fit and $t for simplicity. For a compact invariant set A of (fit, one says that A 
has a dominated splitting with respect to $ t if there is a continuous invariant splitting 
TaM = E ffi F, and two constants C > and A > such that for any x G A and t > 0, 
one has 

||^|s(x)||||^-t|F(<^(x))|| < Ce~ . 

If dimE is a constant, then dimE is called the index of the dominated splitting. An 
invariant bundle E C T\M is called contracting if there are two constants C > and A > 
such that for any x G A and £ > 0, one has ||$t|E( x )|| < Ce~ xt . An invariant bundle T is 
called expanding if it's contracting for —X. If TaM = E@F is a dominated splitting and 
either E is contracting or F is expanding, then one says that A is partially hyperbolic. We 
also need the notions of singular hyperbolicity. A continuous invariant bundle E C T\M 
is called sectional contracting if there are two constants C > and A > such that for any 
x G A, t > and any two-dimensional subspace L C T'(x), one has |Det$ t |i,| < Ce~ A *. A 
continuous invariant bundle F is called sectional expanding if it is sectional contracting for 
— X. A compact invariant set A is called singular hyperbolic if A has a partially hyperbolic 
splitting T\M = E®F, and either E is sectional contracting and F is sectional expanding, 
or E is contracting and F is sectional expanding. Singular hyperbolicity is a generalization 
of hyperbolicity for compact invariant set with singularities, it's special for vector fields 
with singularities. For instance, the classical Lorenz attractor is singular hyperbolic, but 
not hyperbolic (see [I]). Here a compact invariant set A is called hyperbolic if there 
is a continuous invariant splitting T\M = E S (B < X > ®E U , where E s is uniformly 
contracting, E u is uniformly expanding, and < X > is the subspace generated by the 
vector field. If dimE s is constant, then dimE s is called the index (or stable index) of the 
hyperbolic set A. 

We will consider compact invariant set with recurrence. The most general setting is 
the chain recurrence. For any point x, y G M, if for any e > 0, there is a sequence of 
points {xi}^ =Q and a sequence of times {ti}™ =0 such that 

• x = x and x n = y, 

• ti > 1 for each i, 

• d((fiti(%i), < £ for any < i < n — 1. 

then one says that x is in the chain stable set of y. If x is in the chain stable set of y 
and y is also in the chain stable set of x, then one says that x and y are chain related. If 
x is chain related with itself, then x is called a chain recurrent point. Let CR(X) be the 
set of chain recurrent points of X. It's clear that chain related relation is an equivalent 
relation. By using this equivalent relation, one can divide CK(X) into equivalent classes. 
Each equivalent class is called a chain recurrent class. A chain recurrent class is called 
non-trivial if it's not reduced to a periodic orbit or a singularity. 

X is called singular Axiom A without cycle if X has only finitely many chain recurrent 
classes, and each chain recurrent class is singular hyperbolic. Singular Axiom A vector 
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fields is a generalization of hyperbolic vector fields. One says that X has a homoclinic 
tangency if X has a hyperbolic periodic orbit 7, and W 8 ^) and ^"(7) have some non- 
transversal intersection. One says that X has a heterodimensional cycle if X has two 
hyperbolic periodic orbits 71 and 72 with different indices such that W s (7i) H ^"(72) 7^ 
and ^"(71) n jy s (7 2 ) ^ 0. 

In the spirit of Palis and the previous results, one has the following conjectures: 

Conjecture 3. Every vector field can be C r approximated by a vector field with a horse- 
shoe or by a Morse-Smale vector field. 

Conjecture 4. Every vector field can be C r approximated by one of the following three 
kinds of vector fields: 

• a vector field which is singular Axiom A without cycle, 

• a vector field with a homoclinic tangency, 

• a vector field with a heterodimensional cycle. 

These two conjectures could be viewed as the continuations of the conjectures of Palis 
for flows. If dimM = 3, Conjecture H] was given by [27J. One notices that X is called 
star if there is a neighborhood U of X such that every critical element of Y G IA is 
hyperbolic. [39J conjectured that every star vector field is singular Axiom A without 
cycle. If Conjecture H] is true, one will have that every generic star vector field is singular 
Axiom A without cycle. 

The main result of this work deals with a special case of Conjecture HJ it concerns 
when one can get singular hyperbolicity for three-dimensional vector fields. To avoid some 
pathological phenomena, one consider residual set of X r (M): it contains a countable 
intersection of dense open subset of X r (M). Since X r (M) is complete, one has every 
residual set is dense in X r {M). A residual set of X r {M) is also called a dense G$ set. 

Theorem A. Assume that dimM = 3. There is a dense G$ set Q C X 1 (M) such that if 
X G Q and C(a) is a non-trivial chain recurrent class of a singularity a with the following 
properties: 

• C(o~) contains a periodic point p, 

• C(cr) admits a dominated splitting Tc( a )M = E © F with respect to <3?t ; 

then C(a) is singular hyperbolic. As a corollary, C(a) is an attractor or a repeller de- 
pending on the index of a. 

About the condition that the chain recurrent class contains a periodic point, [1] has 
the following conjecture: 

Conjecture 5. For generic vector field X, if C(a) is a non-trivial chain recurrent class 
containing a hyperbolic singularity a, then C(o~) contains a hyperbolic periodic orbit. 

If we don't assume that C(a) contains a periodic point, we will get a partially hyper- 
bolic splitting. 
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Theorem B. Assume that dimM = 3. There is a dense Gs set Q C X 1 (M) such that if 
X G Q and C(a) is a non-trivial chain recurrent class of a singularity a with a dominated 
splitting Tc( a )M = E © F with respect to $f ; then C(a) is partially hyperbolic. 

Remark, f^j proved that for C 1 generic vector field X , X has two kinds of chain recurrent 
classes: 

• Either, a chain recurrent class contains a hyperbolic periodic orbit, then the chain 
recurrent class is the homoclinic class of the hyperbolic periodic orbit, i.e., the closure 
of all transverse homoclinic orbits of the hyperbolic periodic orbit. 

• Or, a chain recurrent class contains no periodic orbits, then it's called an aperiodic 
class. 

For diffeomorphisms, it's difficult to define the continuations of aperiodic classes. But 
for vector fields, if an aperiodic class contains singularities, it's easy to define their contin- 
uations. One of the differences between periodic orbits and singularities is: singularities 
can't have transverse homoclinic orbits. 

We have some further remarks on the conjectures: 

• [2] proved Conjecture [Q for three-dimensional vector fields for C 1 topology. 

• [H] proved Conjecture |3] for three-dimensional vector fields for C 1 topology. 

In the spirit of conjectures of [4j, we have the following conjectures: 

Conjecture 6. Every vector field can be C 1 approximated by a vector field which is 
singular Axiom A without cycle, or by a vector field with a robustly heterodimensional 
cycle. 

Conjecture 7. ForC 1 generic X G X 1 {M) which cannot be approximated by vector fields 
with a homoclinic tangency, X has only finitely many chain recurrent classes. 

If dim M — 3, Conjecture [6] can be restated as: C 1 generic vector field is singular Axiom 
A without cycle. Compared with two-dimensional diffeomorphisms, this conjecture may 
be called singular Smale conjecture. [16J proves that for C 1 generic three-dimensional 
vector field X, the singularities in a same chain recurrent class of X have the same index. 

There are also many results for higher dimensional vector fields. We give a partial list 
of them. 

• [ID] gave an example of singular hyperbolic attractors for which the unstable man- 
ifolds of singularities have arbitrarily large dimension. 

• [20j ES [26] proved that under the star condition, every robustly transitive set is 
singular hyperbolic. 

• [35] constructed an example on robustly wild strange (quasi)-attractor with singu- 
larities for four-dimensional vector fields for higher regularities. 

• [3] showed that there exist robustly chain transitive non-singular-hyperbolic attrac- 
tors for five-dimensional vector fields. 

• [9] showed that there exist robustly chain transitive non-singular-hyperbolic attrac- 
tors with different indices of singularities for four- dimensional vector fields. 
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2 Preliminaries 



2.1 Dominated splittings 

As in the introduction, every vector field X E X 1 (M) generates a flow <ff . We 
identity the vector field and its flow as the same object. From the flow (f)f, one can define 
its tangent flow = d(j)f : TM — > TM. For every regular point x E M \ Sing(X), one 
can define its normal space 

A4 = {v E T X M : < v, X(x) >= 0}. 

Define the normal bundle on regular points as: 

A/ = □ A4. 

x6M\Sing(X) 

On the normal bundle A/", one can define the linear Poincare flow for each v E M x , 
one can define 

, / n ^ / x < ®t(v),X(<b t (x)) > , w , , NN 

Uv) = *' ( "» ■ Y( ^' (I)> - 

For an invariant (may not compact) set A C M \ Sing(X), one says that A admits a 
dominated splitting with respect to the linear Poincare flow if there are constants C > 0, 
A < and an invariant splitting A/a = A s © A u such that for any x E A, one has 
11^*1 A s (a;) || H^-t I A u (0t(a;)) || < Ce M . dim A s is called the index of the dominated splitting. 

If A is a compact invariant set without singularities, the existence of dominated split- 
ting for the linear Poincare flow is a robust property. 

Lemma 2.1. For X E A' 1 (M) ; if A is a compact invariant set which is disjoint from 
singularities, and admits a dominated splitting with respect to the linear Poincare flow 
of index i, then there is e > such that for each Y which is e-C l -close to X, for any 
compact invariant set Ay contained in the e neighborhood of A, Ay admits a dominated 
splitting with respect to the linear Poincare flow of index i. 

For dominated splittings of tangent flows, one will always have the robust property 
for compact invariant sets with singularity or not. 

Lemma 2.2. For X E X l (M), if A is a compact invariant set with a dominated splitting 
with respect to the tangent flow of index i, then there is e > such that for each Y which 
is e-C l -close to X , for any compact invariant set Ay contained in the e neighborhood of 
A, Ay admits a dominated splitting with respect to the tangent flow of index i. 

By the definition of linear Poincare flow, one has the following lemma: 

Lemma 2.3. For X E X 1 (M), if A is a compact invariant set with a dominated splitting 
T\M = E © F with respect to the tangent flow and X(x) E F(x) for any x E A, then 
A/A\sin g (x) admits a dominated splitting of index dim E with respect to the linear Poincare 
flow. 
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2.2 Minimally non- hyperbolic set and C 2 arguments 

Sometimes we need to discuss non- hyperbolic set. Its non-hyperbolicity will concen- 
trate on some smaller parts, which are called minimally non-hyperbolic set from Liao [2T] 
and Mane [25]. A compact invariant set A is called minimally non-hyperbolic if A is not 
hyperbolic and every compact invariant proper subset of A is hyperbolic. From [21 [33] . 
one has the following two lemmas. 

Lemma 2.4. Assume that dimM = 3, if A is a minimally non-hyperbolic set of a vector 
field X G X l (M) such that 

• An Sing(X) = 0, 

• A/a admits a dominated splitting with respect to the linear Poincare flow, 
then A is transitive. 

X is called weak-Kupka-Smale if every periodic orbit or singularity is hyperbolic. 

Lemma 2.5. Assume that dimM = 3 and X is a C 2 weak-Kupka-Smale , if A is a 
transitive minimally non-hyperbolic set of a vector field X such that A R Sing(X) = 0, 
then A is a normally hyperbolic torus and the dynamics on A is equivalent to an irrational 
flow. 

2.3 Chain recurrence 

A compact invariant set A is called chain transitive if for any e > 0, for any x, y G A, 
there are {xj}" =0 C A and {ti}™!^ C [1, oo) such that x = x, x n = y and d{4>t i { x i)i x i+i) < 
e for each < % < n — 1. For chain transitive sets and hyperbolic periodic orbits or 
singularities, by using A-lemma, one has 

Lemma 2.6. If A is a non-trivial chain transitive set and A contains 7, where 7 is 
a hyperbolic periodic orbit or a hyperbolic singularity, then A D W s {^() \ {7} 7^ and 

Anr( 7 )\{ 7 }^. 

As a corollary of the above folklore lemma, one has: 
Lemma 2.7. If A is a non-trivial chain transitive such that 

• A admits a dominated splitting T^M = E © F with respect to the tangent flow and 
X(x) G F(x) for any x e A, 

• A contains a hyperbolic singularity a, 
Then ind(er) > dimE. 

Proof. We will prove this lemma by absurd. If the lemma is not true, one has ind(cr) < 
dimE for some hyperbolic singularity a £ A. Since A has the dominated splitting, one 
has E s (a) C E(o~). By Lemma 12.61 one has there is x G W s (o~) D A \ {a}. Thus, 
X(<f> t (x)) C T r j }t ^ x - ) W s (a) for any t > 0. By the assumption one has X((f> t (x)) C F(<f>t(x)). 
On the other hand, one has lim^oo < X((p t (x)) >C E s (a) C E(o~). This fact contradicts 
to the continuity of dominated splittings. 

□ 
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For each compact set K (K may be not invariant), one can define the chain recurrent 
set in K: CR(X, K). We says that x G CR(X, K) if there is a chain transitive set A C K 
such that x G A. CR(X, K) has some upper-semi continuity property. 

Lemma 2.8. For given X and K , if there is a sequence of vector fields {X n } and a 
sequence of compact sets K n such that 

• X n —¥ X as n — >■ oo in the C 1 topology, 

• K n — )■ K as n — >■ oo in the Hausdorff topology, 
then lim sup n ^ oc CR(X n , K n ) C CR(X, K) . 

By the upper-semi continuity property, one has 

Lemma 2.9. For given X and K , if CR(X, K) is hyperbolic, then there is a C 1 neigh- 
borhood U of X and a neighborhood U of K such that CR(Y, U) is hyperbolic. 

Lemma 2.10. For given X and K, ifCK(X,K) = 0, then there is a C l neighborhood U 
of X and a neighborhood U of K such that CR(Y, U) = 0. 

2.4 Ergodic closing lemma for flows 

Mane's ergodic closing lemma |24j was established for flows by Wen [36]. x G M \ 
Sing(X) is called strongly closable if for any C 1 neighborhood U of X, for any 5 > 0, 
there are Y GW and p G M, ir(p) > such that 

• X(x) = Y(x) for any x G M \ U te[0Mp)] B((f) t (x), S), 

• d{(j)f (x),4>J(p)) < 5 for each t G [0,n(p)]. 

Let S(X) be the set of strongly closable points of X. 

Lemma 2.11. [Ergodic closing lemma for flows 136^ 1 n(H(X) U Sing(X)) = 1 for every 
T > and every -invariant probability Borel measure fi. 

2.5 Generic results 

We list all known generic results we need in this paper. 
Lemma 2.12. There is a dense G$ set Q C X l (M) such that for each X G Q , one has 

1. Every periodic orbit or every singularity of X is hyperbolic. 

2. For any non-trivial chain recurrent class C(a), where a is a hyperbolic singularity of 
index dimM — 1, then every separatrix ofW u (a) is dense in C(o~). As a corollary, 
C(a) is transitive. 

3. Given i G [0, dimM — 1]. If there is a sequence of vector fields {X n } such that 

• lhlln^ooA^ = X, 
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• each X n has a hyperbolic periodic orbits ^x n of index i such that lim^oo ^x n = 
A, 

then there is a sequence of hyperbolic periodic orbits 7„ of index i of X such that 
Hindoo 7 n = A. 

Remark. Item 1 is the classical Kupka-Smale theorem fTffi \3J$ . Item 2 is a corollary of 
the connecting lemma for pseudo-orbits |2j/. There is no explicit version like this. [27] 
Section 4] gave some ideas about the proof of Item 2 without using of the terminology of 
chain recurrence. Item 3 is fundamental, one can see [37] for instance. 

2.6 The saddle value of a singularity 

Assume that dimM = d. For a hyperbolic singularity a of X G X r (M), one can list 
all eigenvalues of DX(a) as {Ai, A 2 , • • • , A i; A i+ i, • • • , A^} such that 

Re(Ai) < Re(A 2 ) < - < Re(Aj) < < Re(A m ) < - < Re(A d ). 

Then one says that 1(a) = Re(Aj) + Re(Ai+i) is the saddle value of a. 

By using the C 1 connecting lemma for pseudo-orbits [5] and an estimation of Liao 
|22| . HH] proved that 

Lemma 2.13. Assume that dimM = 3. There is a residual set Q C X l (M) such that 
for any X G Q , if a is a hyperbolic singularity of index 2 and 1(a) < and the norms 
of eigenvalues of DX(a) are mutually different, then a is isolated in CR(X): there is a 
neighborhood U of a such that U fl CR(X) = {a}. 

Remark. We give some rough idea of the proof of Lemma \2.13[ Let a be a singularity 
as in Lemma \2.13\ If it's not isolated form other chain recurrent points (i.e., C(a) is 
non-trivial) , by using the C 1 connecting lemma, one can get a homoclinic loop associate 
to the singularity. By an extra perturbation, one can assume that the homoclinic loop is 
normally hyperbolic. By another small perturbation, one can put the unstable manifold of 
the singularity in the stable manifold of a sink: and this is a robust property! Thus, the 
unstable manifold of the singularity is in the stable manifold of a sink generically, which 
gives a contradiction. 

One notices that proved that singularities with the properties in Lemma 12.131 is 
disjoint from robustly transitive sets for three-dimensional flows. 

3 Lyapunov chain recurrent classes: Proof of Theo- 
rem IA1 

Lemma 3.1. Assume that dimM = 3. For C l generic X G X l (M), if A is a chain 
transitive set with the following properties: 

• Sing(X) n A = 0, 

• A/a = A s © A" is a dominated splitting with respect to ip t , 
then A is hyperbolic. 
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Proof. We take a countable basis {U n } of M. Let O = {0„}„ e N such that each O n is the 
union of finite elements in {U n }. For each n, one can define 

• % n C X l {M) is a subset with the following property: X G H n if and only if 
CR(X,CQ is hyperbolic or CR(X,G~) = 0. By Lemma EH and Lemma EIOj "H n 
is an open set. 

• J\f n C X l (M) is a subset with the following property: X G M n if and only if there is 
a C neig hborhood U C ^(M) of X such that for any Y G U, CR(F, O n ) is neither 
hyperbolic nor empty. 

By definitions, one has T-L n U Af n is open and dense in A' 1 (M). Now one takes 

g= p|(H n uAQ. 

It's clear that Q is a dense Gs set. For each X G we assume that A is a non-singular 
chain transitive set with a dominated splitting A/a = A s © A u on the normal bundle A/a 
with respect to the linear Poincare flow We will prove that A = CR(X, A) (since A 
is chain transitive) is hyperbolic. If not, A contains a minimally non-hyperbolic set. By 
Lemma [23J A contains a minimally non- hyperbolic set T, which is transitive. Take nGN 
such that 

• T is contained in O n . 

• There is a C 1 neighborhood U of X such that the maximal invariant set in O n 
of Y G U has a dominated splitting on the normal bundle with respect to ipj by 
Lemma 12. 1[ 

Since V is not hyperbolic, one has X G J\f n . Take a C 2 weak-Kupka-Smale vector field 
Y G M n r\U. Since F in Af n , CR(Y, 0„) is not hyperbolic. But since Y G W, the maximal 
invariant set has a dominated splitting on the normal bundle with respect to the linear 
Poincare flow. By Lemma I2.5[ one has the splitting CR(Y, O n ) = A x fl A 2 such that 

• Ai is the union of chain transitive sets, and each chain transitive set is hyperbolic. 
In other words, A x is hyperbolic. 

• A 2 = Ui<j< m T^, each is a normally hyperbolic torus, and the dynamics on 

is equivalent to an irrational flow. In other words, is isolated from other chain 
recurrent points. 

By an arbitrarily small perturbation, there is Z C 1 -close to Y such that 

• CR(Z,~C~) = AxUA 2 . 

• Ai is still a hyperbolic set of Z. 

• The dynamics on T? of Z is Morse- Smale. 

As a corollary, CR(Z, O n ) is hyperbolic. This fact contradicts to Z G Af n . 

□ 
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Lemma 3.2. Assume that dimM = 3. For C l generic X G X l (M), if A is a compact 
invariant set with a dominated splitting T^M = E © F of index 1 with respect to the 
tangent flow <& t such that 

• There is T > such that for every singularity o G A, one has |Det(<Ev|.F( CT ))| > 1- 

• For every x G A \ Sing(X), one has < X(x) >C F(x). 

• F is not sectional expanding, 

then there is a sequence of sinks {P n } such that lim^oo P n = F C A. 

Proof. One define ip(x) = log |Det($r|F(x))| for each x G A. We will prove this lemma by 
absurd. If for any x G A, there is n(x) G PJ such that <p(4> n (x)T(x)) > 0, then by a compact 
argument one can get that F is sectional expanding. Thus, there is an ergodic invariant 
measure /i with supp(/i) C A such that 

(pd/j, < 0. 

By Lemma f2. Ill for the set of strongly closable set H(X), one has fj,(E(X) USing(X)) = 1. 
Since for each singularity a G A one has Det($r|F(o-)) > 1 by assumption, one gets 
/x(E(X) \ Sing(X)) = 1. Since <p is a continuous function, by Birkhoff's ergodic theorem, 
one has for almost every point x G supp(/i) fl with respect to \i such that 

n— 1 



1 f 

lim -y^<p((f) iT {x)) = / tpd/i. 

i=0 J 



Without loss of generality, one has that x is not periodic. Otherwise, since X is C 1 
generic, one has that x is a hyperbolic periodic point. This will imply that the orbit of x 
is a periodic sink in A. Thus one can get the conclusion. 

Since x is a strong closable point, for any e > there are Y which is e-C 1 -close to X 
and p £ G M, 7r(p e ) > such that 

• d(<f)f (x) , <f)J (p £ )) < 5 for each t G [0,7r(p e )]. 

Since x is non-periodic, one has ir(p e ) — > oo as e — > 0. By the continuity property of 
dominated splittings, one has the orbit of p £ with respect to Y also a dominated splitting 
E £ © F £ and F £ — > F, E £ — > E as e — > by the Grassman metric. As a corollary, one has 

j n— 1 

Since one has the dominated splitting on the orbit of each periodic orbit, one has for 
each p £ the largest Lyapunov exponent along the orbit of p £ tends to zero as e — > 0. 

By a Lemma of Franks for flows [2U [S], in this case, one can change the index of 
{Orb(j9 e )} to be smaller by an arbitrarily small perturbation. As a corollary, there is a 
sequence of vector fields {X n } such that 
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• lim^oo X n = X in the C 1 topology. 

• Each X n has a sink 7„ such that lim^oo r y n = T. 

Since X is C 1 generic, by Lemma 12. 12\ one can gets the conclusion. 

□ 

Now we will manage to prove Theorem [HI Assume that we are under the assump- 
tions of Theorem [Bl First we have 

Lemma 3.3. For every regular point x G C(o~), one has 

• either, X(x) G E(x), 

• or, X(x) G F(x). 

Proof. By Lemma 12.121 C (a) is transitive. Thus, the set 

C = {x G C(a) : u(x) = a(x) = C{a)} 

is dense in C(a). 

By the invariance property, if for some y G C, one has either X(y) G E(y) or X(y) G 
F(y), then one can get the conclusion. Thus, one can assume that it's not true. Thus, 
for any y G C, one has X(y) E(y) U F(y). Take y G (7. There are a sequence of times 
{t n } such that 

• lim^oo^ = oo. 

• lim^oo^^yo) = yo- 

By the dominated property, one will have lim^oo $( n (X(y )) G F(y ). Since $ tn (X(y )) = 
X{4>t n {yo)) and the vector field X is continuous with respect to the space variable x G M, 
one has X(y ) = Hm^oo X(<p tn (y )) = limn^oo $ tn (X(y Q )). This will imply that X(y ) G 
F(yo), which gives a contradiction. 

□ 

Corollary 3.3.1. If ind(a) = 2, then for any regular point y G C(a), X(y) G F(y). As 
a corollary, singularities in C(a) will have the same index. 

Proof. The fact the ind(cr) = 2 implies that E(a) C E s (a). We will prove this corollary 
by absurd. If it's not true, by Lemma 13.31 one has X(x) G E(x) for any regular point 
x G C(a). This implies that regular points will approximate a only in the stable subspace 
E s (a). By A-lemma, one knows that regular points will accumulate both W s (a) and 
W u (a). This fact gives a contradiction. 

If singularities in C(er) have different indices, then there are hyperbolic singularities 
<7i,<72 G C(a) such that ind(<7i) = 1 and ind(cr 2 ) = 2. Thus by previous arguments, one 
has for every regular point x, one has X(x) G E(x) and X(x) G F(x). This contradiction 
ends the proof. 

□ 

Lemma 3.4. If ind(cr) = 2, then dim E = 1 and E is contracting. 
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Proof. First by Corollary 13.3. 1[ one has for every regular point x, X(x) G F(x). If 
dimE = 1 is not true, one has dimE = 2. This means that regular points approximate a 
only in the unstable subspace of a, which contradicts to the fact that C \a)r\W s (er)\{er} ^ 

0. * 

We will prove that E is contracting. One notices that by Corollary 13.3. H every sin- 
gularity a' in C(a) has index 2 and E(o J ) C E s (o-'). For any point x G S, there are two 
cases: 

1. w(a;) C Sing(X), 

2. w(o;) \ Sing(X) ^ 0. 

In the first case, one has there is t x > such that ||3?tJ.E(a;)|| < 1- In the second case, 
one choose y G u(x) \ Sing(X). Take a small neighborhood U y of y such that for any 
2/i,2/2 G U y , one has 

1 < \X(yi)\ 

2 " |X(j/ 2 )| " ' 

Choose a sequence of times {t n } such that 

• lim n ^oot n = oo. 

• tn (x) G Ef„. 
Thus, 

< 2- 1 v Jl 





X(x)\ 


X(x)\ 




\x 


{4>tM)\ 


X 







Since E © F is a dominated splitting and IcF, one has there are constants A < and 
C > such that 

11(6 I ■ II < rr xt " < nriA l^( x )l 

When n is large enough, one has ||$t n |_E(x)|| < 1 

By summarizing the above arguments, in any case, one has for any x G C(o~), there is 
t x > such that ||$ fa . \e{x) \\ < 1- By a classical compact argument, one has E is uniformly 
contracting. 

□ 

Since dimM = 3, every hyperbolic singularity in a non-trivial chain recurrent class 
has either index 1 or index 2, Lemma [3.41 ends the proof of Theorem IBl 
We will manage to prove Theorem |X] now. 

Proof of Theorem [A]. Without loss of generality, one can assume that every singularity 
in C(a) has index 2. Thus, C(er) is Lyapunov stable. 

• By Lemma 13.41 C(a) has a partially hyperbolic splitting Tc( a )M = E s © F with 
dimi^ = 1. Moreover, every singularity in C(o~) has index 2. 

• By Lemma [2. 131 I(o~') > for any singularity a' G C(er). 
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We will prove Theorem lAl by absurd. If C(a) is not singular hyperbolic, then F is not 
sectional expanding by Theorem B. By Lemma 13. 2\ one has that there is a sequence of 
sinks {P n } such that lim^oo P n = A C C(er). There are two cases: 

1. A contains a singularity a' G C(a). 

2. An Sing(X) = 0. 

In the second case, by Lemma [3.11 A is a hyperbolic set. Then, either A is a sink, or 
A cannot be accumulated by sinks. But if A is a sink, A cannot be contained in the chain 
recurrent class C(o~), which shows that the second case is impossible. 

Now we are in the first case. Since A contains a singularity a' G C(cr), one has 
Aniy(cx') 7^ 0. Since X is C l generic, one has that every separatrix of W u (a') is dense in 
C(a) by Lemma \2. 121 Thus, A = C(a). As a corollary, A contains the hyperbolic periodic 
point p. Thus, there are p n G P n such that ]mi n -^ 0O p n = p. Since C(a) is Lyapunov stable 
by Lemma [2TT2| one has W^ c (Orb(p)) C C(a). It's clear that W^ c (Orb(p)) is a two- 
dimensional manifold and transversal to the strong stable direction E s . In particular, one 
has that W s (W^ c (Orb(p))) contains OrbQo) as its interior. As a corollary, u(x) C C(a) 
for any x G W s (W£ c (Orb(p))) and H /s ( W / i ^ c (Orb(p) ) ) contains no sinks. This contradicts 
to the fact that p can be accumulated by sinks. 

Now notice that one of the main theorems in [27] asserts that every singular hyperbolic 
chain recurrent class with a singularity is an attractor or a repeller for three-dimensional 
flows. 

□ 
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